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following	expression	[21],	𝑚𝑥 + 𝑃! = 𝑓 𝑡 	 	 	 	 	 	 	 	 	 								(1)	
where	𝑚	is	the	mass	of	the	berg,	𝑃!	is	the	of	soil	resistance	force,	𝑓 𝑡 	is	the	
hydrodynamic	force	and	𝑥	is	the	gouge	length.	The	most	widely	used	expression	for	a	
hydrodynamic	force	is	based	upon	Morison’s	equation	[26],	𝑓 𝑡 = 𝜌𝑉!𝑣 + 𝐶! − 1 𝜌𝑉! 𝑣 − 𝑥 + !!𝐶!𝜌𝐴! 𝑣 − 𝑥 𝑣 − 𝑥 	 	 	 								(2)	
where	𝜌	is	the	density	of	seawater,	𝑉!	is	the	volume	of	the	berg,	𝐴!	is	the	cross-
sectional	area	of	the	berg	normal	to	the	drag	force,	𝐶!	and	𝐶! 	are	the	mass	and	drag	
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is	assumed	to	be	constant,	Eq.	2	reduces	to	𝑓 𝑡 = 𝐶! − 1 𝜌𝑉!𝑥 + !!𝐶!𝜌𝐴! 𝑣 − 𝑥 𝑣 − 𝑥 .	 	 	 	 	 								(3)	
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𝑚𝑥 + K!x!tan!β = 𝐶! − 1 𝜌𝑉!𝑥 + !!𝐶!𝜌𝐴! 𝑣 − 𝑥 𝑣 − 𝑥 	 	 	 								(6)	
Further,	defining	the	ratios	𝐴 = !!!!!!!!! 	and	𝐵 = !!!"#!!!! ,	where	
	𝑚! = 𝑚 + 𝐶! − 1 𝜌𝑉!	 	 	 	 	 	 	 	 								(7)	
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possible	paths	C x!, x!, t!; x!, x!, t! 	starting	from	a	state	(x!, x!, t!)	and	reaching	the	state	(x!, x!, t!),	where	x t! = x!, x t! = x!, x t! = x!, x t! = x!.	It	possesses	a	probability	
distribution	on	the	path	space	as	its	integrand,	which	is	denoted	by	W x(t) 	and	is	called	
probability	density	functional.	In	this	manner,	the	transition	PDF	p x!, x!, t!|x!, x!, t! 	is	




approximate	techniques	for	determining	the	transition	PDF	p x!, x!, t!|x!, x!, t! .	In	this	
regard,	researchers	invoked	a	variational	formulation	and	defined	a	Lagrangian	function	L x, x, x 	for	determining	the	most	probable	path	that	connects	the	points	(x!, x!, t!)	and	(x!, x!, t!).	In	this	manner,	a	variational	principle	can	lead	to	the	associated	Euler-
Lagrange	equation	to	be	solved	for	the	most	probable	path;	see	[24,25]	for	a	more	
detailed	presentation.			
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trajectory	with	fixed	end	points	satisfies	the	extremality	condition	δ L x!, x!, x! dt!!!! = 0.	 	 	 	 	 	 	 																			(13)	
This	condition	leads	to	the	E-L	equation	
!!!!! − !!! !!!!! + !!!!! !!!!! = 0,	 	 	 	 	 	 	 																			(14)	
with	the	four	boundary	conditions	x! t! = x!, x! t! = x!, x! t! = x!, x! t! = x!,	 			 	 																																(15)	
where	x!	represents	the	most	probable	trajectory.	Next,	solving	the	boundary	value	
problem	(BVP)	of	Eq.	14	together	with	the	conditions	of	Eq.	15	(e.g.	[49])	yields	a	
solution	for	the	transition	PDF	p x!, x!, t!|x!, x!, t! 	in	the	form	p x!, x!, t!|x!, x!, t! = D exp − L x!, x!, x! dt!!!! . 						 	 									 																			(16)	
It	can	be	readily	seen	that	for	fixed	time	points	t!	and	t!,	D	can	be	determined	by	merely	
applying	the	normalization	condition	p x!, x!, t!|x!, x!, t! dx!dx!!!!!!! = 1.	 	 														 	 																			(17)	
The	primary	approximation	of	the	technique	relates	to	the	fact	that	only	the	most	
probable	path	x!	is	considered	in	the	evaluation	of	the	functional	integral	of	Eq.	10	
instead	of	all	the	possible	paths C x!, x!, t!; x!, x!, t! .	The	concept	of	the	most	probable	
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regard,	for	a	given	time	instant	t!	and	a	given	vector	value	 x!, x! ,	a	numerical	solution	
of	Eq.	14	and	Eq.	15	yields	a	single	point	of	the	response	PDF	via	Eq.	16.		Typically,	an	
effective	domain	of	values	is	assumed	for	the	response	PDF	p x!, x!, t!|x!, x!, t! ;	namely,	





the	fact	that	the	final	velocity	is	known	(i.e.	x! t! = 0).	Note	that	based	on	numerical	
examples	performed	in	this	study,	a	value	of	n	=	50	has	been	deemed	more	than	
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w t = !!!!!!!!! !!!!!"!!!!!!!!!!!! .	 	 	 		 	 	 																			(18)	
The	probability	density	functional	for	the	white	noise	process	w t 	is	given	by	(e.g.	[46])	
W w t = Dexp − !!! ! !!"!! dt!!!! 	 	 	 	 	 	 																			(19)	
Next,	Eq.	18	is	substituted	into	Eq.	19	and	the	probability	density	functional	W w t 	is	
interpreted	as	the	probability	density	functional	W x t 	for	x t ,	yielding		
W w t = Dexp − !!"!! !!!!!!!!! !!!!!"!!!!!!!!!!!! ! dt!!!! .		 	 	 						(20)	
Thus,	the	corresponding	Lagrangian	is	given	by	
L x, x, x = !!"!! !!!!!!!!! !!!!!!!!!!!!!!!!!! !.	 	 	 	 																			(21)	
Substituting	Eq.	21	into	Eq.	14	and	considering	Eq.	15	leads	to	the	E-L	equation,	
!!!!!!!!!!!! −20𝑚𝑥𝑐2 − 𝑐 + 2𝐴𝑚𝑣0 𝑥𝑐 + 𝐴𝑚𝑥𝑐2 + 𝑚 𝐴𝑣02 − 𝑥𝑐 + 2𝐵𝑚2𝑥𝑐3 𝐴𝑣02 − 𝐴𝑥𝑐2 −2𝑥𝑐 + 2𝐴𝐵𝑚2𝑥𝑐4𝑥𝑐 − 2𝑥𝑐 4𝐴𝑚 𝑐 + 2𝐴𝑚𝑣0 𝑥𝑐3 − 3𝐴2𝑚2𝑥𝑐4 − 𝑥𝑐2 𝑐2 + 4𝑐𝑚𝑣0 + 6𝐴2𝑚2𝑣02 +8𝐴𝑚2𝑥𝑐 + 𝑚2 𝐴2𝑣04 − 4𝐴𝑣02𝑥𝑐 + 3𝑥𝑐2 + 2𝑚𝑥𝑐 3 𝑐 + 2𝐴𝑚𝑣0 𝑥𝑐 + 2𝑚𝑥𝑐(3) + 𝑥𝑐2 − 𝑐2 +4𝐴𝑐𝑚𝑣0 + 6𝐴2𝑚2𝑣02 𝑥𝑐 + 6𝐴𝑚 𝑐 + 2𝐴𝑚𝑣0 𝑥𝑐𝑥𝑐 + 6𝑚2𝑥𝑐2 𝐵 − 𝐴2𝑥𝑐 + 𝑚2𝑥𝑐(4) = 0  						(22) 
where	𝑥!(!) and	𝑥!(!)	denote	the	third	and	fourth	derivative	with	time.	Further,	the	
boundary	conditions	are	x! 0 = 0 and x! 0 = v!.	The	most	probable	path,	x!,	is	
determined	by	solving	the	BVP	of	Eq.	22	numerically	(e.g.	[49]).		
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Berg	mass,	m	 20 ∙ 10!kg	
Drag	coefficient,	A	 10!!m!!	
Soil	resistance	
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